Captain K ater has shown, by an examination of the scale employed, that the lengths of the arcs in feet should all be corrected by multiplying by 0*00007 and adding the results; but as I shall use only the ratios of these arcs to each other, this correction need not be applied.
3. From these data I now proceed to compare these five subdivisions of the arc between Dunnose and Burleigh Moor, two and two, and thence deduce the ten values of the ellipticity which the ten combinations will give, and the arithmetic mean of them, which will be a fair representation of the mean ellipticity of the whole arc, upon the supposition that the above amplitudes are correct; that is, upon the supposition that there is no local attraction.
Let
X be the amplitude of any one of these arcs, expressed in seconds of a degree; I* the latitude of its middle point; a, the number of feet in the arc ; a the semi-axis major of the ellipse to which the arc belongs ; s the ellipticity of the arc. Then, by the Integral Calculus, -K {1 " S(2+I cos 2^) +16 +1 5 cos cos 4^)}' neglecting the cube and higher powers of s ; X-{1 + sG+f + .* g + § ^ COS 2^As'( l +15 cos X cos v ) } .
The coefficient of s2 in this may be written thus:
l { J + ¥ ^c « 1 + 6 c", 2 " + 9 (^) \ > -5 5^) c ...
Since tanX is always greater than X, the coefficient of cos2 2p is always positive; and therefore the greatest value which the coefficient of s2 can attain is when cos 2^= 1 ; in which case it equals 1/3 , 15 sin A , " sin AN ; ( i + T " cosX+ 6 ' or 3 -x X2 , neglecting higher powers of X ,w hich is alway a very small fraction, and this coefficient is not a large number, the square of e may be neglected without any perceptible error. Hence or if we make then x-s{1+s(s+I cos 2^)}; " 1 , 3 sin A Ê = --f-2 cos 2^, X=-(l +s.E).
Let Xx X2X3________ E^E a __ be the values of X, a, E for the several arcs. . . . +0*0607577 4th and 5th . . . . . +0*0125964
Mean value . . =-0*0209711 5. This mean value differs widely from the mean ellipticity of the whole earth, which is about -T h e discrepancy must arise, either from the English arc being curved very differently to the mean meridian of the earth and belonging to an ellipse of which the polar axis is greater than the equatorial in the ratio of 48*6846 : 47*6846, or from the amplitudes being incorrectly determined. In this I assume that the arcs themselves are measured with such exactness as to preclude the possibility of error in the ellipticity from this source. (An error of 100 feet would not make an error of 1" in the amplitude.)
It is evident that the latter is the true cause of the ellipticity coming out so differ ent to the mean ellipticity of the earth ; for the ellipticities deduced from the com parison of the several subdivisions of the arc, two and two, would not vary among themselves, as the last Table shows they do, if the whole arc were elliptic. It may MnccCLVI.
f be concluded that the true cause is error in the amplitudes, or in the latitudes of the stations terminating the several arcs. And as these latitudes have been deduced from the most careful observations, it must be inferred that the errors arise from local attraction affecting the plumb-line. 6 . An examination of the values of A deduced above will serve to show where the chief sources of attraction lie.
If the elements of the mean meridian of the earth be taken (as laid down by M r. A iry in his Article on the Figure of the Earth) to be #=20923713 feet, s =^7g, then the formula for A in art. 3. leads to the following values of A for arcs with their middle latitudes the same as those of the subdivisions of the English arc under con sideration [the calculation is given in the Appendix] :-1st arc, value of A=0*00986402 2 nd arc, value of A=0*00986300 3rd arc, value of A=0*00986238 4 th arc, value of A = 0*00986104 5th arc, value of A = 0*00985911
If we take the differences between these and the values before deduced, we have 1st arc, defect of A below the mean =0*0000929 2 nd arc, defect of A below the mean =0*0001450 3rd arc, excess of A above the mean =0*0000946 4th arc, excess of A above the mean =0*0001220 5th arc, excess of A above the mean = 0*0000676 If these are multiplied by the lengths of the several arcs, the results will be the errors in the amplitudes; that is, on the supposition that the ellipticity of the arc is the same as the mean ellipticity of the whole earth, and that the discrepancies in the amplitudes arise from local attraction alone.
The results are as follows (see Appendix):- From this it appears that the local attraction is so distributed as to make the observed zeniths of Dunnose and Greenwich, and also of Greenwich and Blenheim, to approach each other, and those of the extremities of the other three arcs to recede from each other; and that in the degree marked by the above angles.
7-In the following diagram I lay down these angles (on an exaggerated scale) in order to represent to the eye the effects produced by local attraction. The parallel dotted lines are the positions which the verticals at the several stations would assume,
C?t e/t-Ble n™ Arli try Hill Cli\fton,
Du n /i cse when corrected fo r local attraction, if the arc were bent up into a straight line at right angles to the vertical at Arbury Hill, which is the station nearest to the middle of the arc. The other lines passing through the stations of the arc show the direction and relative magnitude (the actual magnitude would be hardly discernible) of the de flection of the plumb-line at the other five stations relatively to that at Arbury Hill. This diagram shows that the plumb-line at Arbury Hill and Greenwich is nearly equally affected, and that on the Arbury side of Blenheim there must be more attracting matter than on the Greenwich side. At Clifton the plumb-line is drawn much to the south, and still more so at Burleigh Moor, as might be expected from its proximity to the sea.
8.
The chief peculiarity is in the arc between Dunnose and Greenwich. As Dunnose is on the south coast of the Isle of Wight, it might have been expected that the plumb-line would have been drawn considerably northward, so as to increase the amplitude between that place and Greenwich, whereas it is diminished. This peculiarity must arise from the character of the immediate neighbourhood of Dunnose and the form of the coast there. That there is some peculiar arrangement of the mass in the neighbourhood of Dunnose, more lying on the south of its parallel than on the north, appears from the table of differences of amplitude between South ampton and Dunnose, Boniface Down, Week Down, and Port Valley, given at p. xl of the Introduction to Captain Y o l l a n d 's 'Astronomical Observations made with A ir y 's Zenith Sector,' published in 1852. The following is the For the position of these places see Plate II. Three of them are in the Isle of Wight, south of the parallel of Dunnose. The Table shows that the plumb-line at Dunnose is affected in the southerly direction with reference to each of these three places, Boniface Down, Week Down, and Port Valley, to a considerable degree, viz. 2"#48, 2"*26, and 3"*29; and therefore there must be some large mass in the im mediate neighbourhood of Dunnose Station between its parallel and that of Boniface Down. The Table shows that the amplitude between the parallel of Southampton and Black Down on the Dorsetshire coast is increased-as we should expect. This confirms the supposition that there is some peculiarity in the Isle of Wight south of Dunnose, which an actual geographical survey can alone determine.
9. The calculation I have gone through, in the last article but two, shows that the amplitude of the whole arc between Dunnose and Burleigh Moor is increased by local attraction to the amount of 4"*722.
10. This discussion of the arc between Dunnose and Burleigh Moor suggests the importance of obtaining, in the best way we can, the amount of local attraction at the several stations of the arc by some direct means, that the corrections may be applied to the amplitudes before they are used in the Problem of the Figure of the Earth. For although these errors in the amplitudes are rendered less injurious to the result by comparing the arc with other arcs separated from it considerably in latitude, an arc which per se leads to so unusual an ellipticity ca employed in the general problem, as when it is freed from the source of error which seems to lead to that ellipticity.
11. It may in the end appear, even after the corrections for local attraction are applied, that the curvature of the English arc is different from the mean curvature, and, as I have stated in my former paper, the science of geology would tend rather to favour such a conception. But even in that case, the values of the ellipticities of the separate portions of the arc must present a much more uniform appearance than those deduced in this paper from the present data (see art. 4.).
I proceed now to the second part of this communication, to obtain a formula for calculating the attraction.
II. Investigation of a Formula fo r calculating the amount oj Local Attraction on any
Station.
12. In the former paper I obtained a formula for calculating the attraction by supposing the superficial mass cut into lunes by great circles passing through the attracted station, and the lunes divided into compartments according to a certain law. The formula thence deduced may be applied to attraction in England. But I will now deduce another formula which in some cases may be found more con venient in practice. The former method takes account of the curvature of the earth, and determines the attraction of any masses lying anywhere above the sea-level between the given station and the antipodes. In the present instance I shall suppose the attracting mass to lie wholly on a plane-a supposition which will lead to no error in the calculation of attraction on stations in the British Isles.
13. Let the horizontal plane through the station be taken as the plane of the axes of x and yb eing chosen in such a position (at right angles to each other) as may be found in any particular case most convenient for the application of the resulting formula. Let z be measured vertically downwards. Suppose the attracting mass cut by vertical planes, parallel to the co-ordinate planes, into a number of masses on rectangular bases-the bases being of any size, large or small, and if necessary all different from each other, the dimensions of each being determined by the contour of the upper surface of the mass, so that a fair average height of the mass may be easily found. The smaller the parallelograms are the more accurate will be the result, but then they will be more numerous and the calculation more tedious. The nearer the parallelograms are to the station, and also the more irregular the contour of the country, the more attention will be required to make a judicious dissection of the mass. By supposing the several divisions thus made to be levelled down to their average height above the level of the sea, I conceive the whole attracting body to consist of a number of tabular masses of various dimensions.
Let A be the station on which the attraction is to be found; Ax, Ay the axes of x and y ; BCDE the projection on the plane of xy of a tabular mass, lying in contact with the ver tical plane z x ,and very near to the plane zy ; AB = m; X, Y coordinates to the furthest angle D ; xyz coordinates to any point in the mass; II the height of the mass, its base being on the sea-level ; h he height of A above the sea ; both H and h I suppose to be small compared with X and Y, so that the squares of ^ and y may be neglected ; § the density of the mass.
Then gdxdydz is the mass of an element,
. + lts a ttra c tio n on A,
" . .
------its a ttra c tio n on A parallel to x.
{x2 + y2 + Z2]2
Hence, whole attraction of the tabular mass on A parallel to x from x= m to a?=X, y = 0 t z -h -H to Integrating first with respect to then z, and then x,
The maximum value of this coefficient is This may be proved by putting 2n-|-1* A=Hsin20, or H=Asin20, according as h is less or greater than H, and finding the maximum by the Differential Calculus. Hence, attraction of whole mass parallel to x * ,{2xA+(2Y2-3 K s^)( a?2 + Y2)H 
where T/l 7 7 1 I shall make ms o small that the squares and higher powers of y and y ma neglected. Hence these formulse become
These formulse fail when n= Q ; but in that casê
Substituting these in the expression for the attraction, Attraction of the whole mass on A parallel to
. r , n .J lk M . V2 3^2 -4rSL 5m4"l r t -1; 2ra f ' or, neglecting the squares and higher powers of
It has been laid down that h and m are both small quantities. This expression shows what the limiting value of their ratio must be, that this formula may be capable of use.
In order that the series above may be convergent,
71-2 2 must be less than unity ; h * | * 2/^ l -2 must be less th a n ------------- The least value of this is when co, when it = 1 ; m must not be less than h.
This then is the value we shall give to m ; and the attraction of the whole mass on
or, calling the series S, =g>H(L-S).
14. If BCD'E' be a tabular mass lying symmetrically on the opposite side of the axis of x, the attraction of this mass on A parallel to x will obviously be the same as the attraction of the mass BCDE. This, indeed, our formula shows; for if -Y be put for Y it does not change the value of L. The same is not true if we change the sign of X ; the reason of which is, that negative powers of x occur in the inte gration, and these all become infinite as we pass across the axis of from x -m to x= -X. On account of this we must calculate the attraction of the masses all lying on one side of y and add them together, and then separately those on the other side and add them together, and take the difference of the results.
15. The tabular mass has been hitherto supposed to be always in contact with the axis of
x, and at a small distance m from that of^, and is therefore restricted in its position. I will now, however, deduce a more general formula.
Draw ab and a!b' at equal distances parallel to x on opposite sides ; and let Btf Then the attraction of either of the masses aC or C on A parallel to x, log.
X m x+\/ i+f h S being independent of the coordinates X, y. Subtracting this from the attraction of EC, and adding it also, we have, Attractions of tabular masses E ba nd E = fH log. nnn n t-T<Inp* X2 m2 -2S > .
[v/i+fbi, tillU r*l its value will not be changed, but it will become
Now this is precisely the same as the first when -is put for ; and it is only in this change of sign in yt hat the parallelogram differs from F Hence formula includes the second, and is applicable to all tabular masses lying on the right (or the positive side) of the axis of y, on either side of x. ever, that the same is not true of Y in this formula, as may easily be seen by going through a process similar to this transformation for y. We must therefore remember not to let Y be negative. The way to obviate this in the use of the formula is to make the direction in which Y is measured in any particular case the direction of positive ordinates for that case, and then y will be positive or negative as it lies on the same or the opposite side of the axis of x from Y.
16. The formula can be very much simplified as follows. Let the density of the attracting mass be taken to be that of granite*, that is, about * Should the density differ from this in any particular case of application of the formula, especially for parts in the immediate neighbourhood of the plumb-line, then the coefficient must be altered in proportion.
Judging from the following Table, which is taken from Colonel's S a b in e 's volume on the Pendulum, p. 338, it would appear that pendulum experiments afford a good means of measuring the relative density of the parts of the earth's crust near the place of observation. He gives this as the result of his calculations on the subject:-
Stations.
Excess or defect of vibrations. Thus pendulum experiments seem well calculated to test the existence of local attraction, at any rate the vertical part of it. But they can be of no service in determining the part of local attraction which is effective in deflecting the plumb-line, except in determining the density of the attracting m ass; for the part which is effective in one case is entirely inoperative in the other. If G be the force of local attraction, and this be resolved into two forces, V vertical and H horizontal, then H is the only part which has any sensible effect in half the mean density of the earth; and put 20923713 feet. Then the above coefficient = y6127500 ^ being expressed in feet. Hence also From this easily flows the following Rule for calculating the deviation caused in the plumb-line in any plane by the attraction of a tabular mass of which the height above the sea-level is H feet. seconds of a degree.
Scale of density

Take the origin of coordinates at the station where the plumb-line is. Let the plane of xy be horizontal, a n d the axis o f x in the vertical plane in which the
deflecting the plumb-line; and V is the only part which has any influence in altering the time of vibration of the pendulum, as it is easily proved that a small constant horizontal force, though it affects the arc of vibration, has no effect on the time of vibration. Thus the determinations of local attraction by the pendulum cannot assist in determining the effect of local attraction on the plumb-line, except in as far as they assist in pointing out the relative density of the mass which deranges the normal state of things.
The simplicity of this Rule will be seen in the application I propose to make of it in the next section.
It should be mentioned that the only restriction to be attended to in the applica tion of this Rule is, that the ratio of the height of the attracted station above the sea to each of the horizontal coordinates of the nearest angle of the attracting mass must be small, and so small that its square may be neglected.
If any part of the attracting mass is nearer to the station than this, the approxi mate formula must for that part of the mass be abandoned, and a direct calculation made #.
III. Application of the Formula to obtain a rough approximation to the meridian deflection of the Plumb-line at Burleigh Moor.
21.
In the Plate attached to this paper, an outline sketch is given of the east of England, with a view to show how the land lies with reference to Burleigh Moor-the station to which I now propose to apply the formula, by way of illustra tion, with the scanty data which I have been able as yet to obtain. By the help of accurate survey maps no doubt a very close approximation might be obtained to the actual amount of the deflection, not only at Burleigh Moor, but at the other stations. The data used in this calculation are taken from the outline map of England in the third volume of General M u d g e 's Account of the English Survey, published in 1811. A number of heights of stations are marked down on the m ap; and it is from these, as I have no other source of information, that I have inferred the average height of the masses into which I divide the land. But as these heights, as I conjecture, almost all appertain to elevated points, visible from a distance for the purposes of the survey, their average will be much greater than the average height of the country to which they appertain. I have taken the height of the masses equal to three-fifths of the average height above the sea of the various stations belonging to that mass. The result which I arrive at will therefore be only a rough approximation, for want of * If XY are the horizontal coordinates to the middle of a vertical prism, of which the height measured from the sea-level is H, A being the height of the station, and A the area (in square feet) of the horizontal section of the prism ; then, if A be 6mall, the horizontal attraction of the prism parallel to Or, the angle of deflection, in the vertical plane through the axis of x, caused by this prism
The value of this must be found for each of the vertical prisms near the station, and their sum taken.
JPkH . T rans. W > C C C m .T ta te i more accurate data. But the calculation may be useful to illustrate the use of the formula.
22. If a meridian line be drawn about thirty miles west of Burleigh Moor, the resultant attraction on that place of the portion of the British Isles to the west of that line will be due west or nearly so, whatever be its amount, which is doubtless small. For the mountain region of Cumberland and Westmoreland lies due west; and those of Scotland and Wales lie at about the same bearing north and south of west, and therefore taking their mass to be about the same their resultant attraction will be west. The attraction too of the level country west of the line laid down, and of the table on which the mountain regions rest, will be about west. So that we may conclude that the part of the land which is effective in deflecting the plumb-line at Burleigh Moor in the plane of the meridian is that portion which lies east of the line.
This tract of country I divide into four portions, A, B, C, D, as marked in the Plate. The small irregular portions a and b on opposite sides of the station I suppose to counteract each other. The station itself I suppose to be in the centre of a neutral parallelogram, of which the north and east sides are the average line of sea cliff in that neighbourhood. The distances of these cliffs I put down as 3 and 10 miles. This I deduce merely from the map in the account of the Survey: it is in these assumptions regarding the parts nearest the station that the chief sources of error will lie in the present calculation, from insufficient data. The portion to the west of the station, marked c, will have no effect in the direction of the meridian.
The mass A will produce a deflection northward ; the other masses, southward. The average heights I take to be 505, 628, 448, 394 feet above the sea-level.
23. The following Table is formed from the formula given in art. 16, according to the Rule laid down in art. 20.
Coordinates.
Ratios. Ratios in decimals.
First angles. Second angles. Log-tangents. Results.
For A (lying to the north of the parallel through Burleigh Moor). Total deflection to south = 3,;*660
24. Hence, according to this rough approximation, the deflection of the plumb-line at Burleigh Moor to the south is 3"'660. It will be observed that the attraction of the space B is much larger in its amount than that of any of the other spaces» in fact, it is 8 7p er cent, of the whole attraction, although it is of smaller dimensions than those to the south of it. This arises from its proximity to the station, its distance being put down as 3 miles south of Burleigh Moor-that being the sup posed distance of that station from the average line of coast on the north. If I had made this 2 miles instead of 3, the attraction of B would have produced a deflection of 4"* 180 instead of 3"* 172, so considerable is the effect of the parts lying nearest to the attracted station. This shows the importance of an accurate survey being made of the neighbourhood of each of the terminal stations of the several portions of the arc, that the local deflections may be accurately calculated.
25. Should it prove, on a careful survey of the neighbourhood of Burleigh Moor, that the deflection above deduced is correct, then the Deflection at Clifton is . « ■ Deflection at Arbury Hill is Deflection at Blenheim is . Deflection at Greenwich is Deflection at Dunnose is . 0*912 to the south. 4*570 to the north. 5*902 to the north. 3*976 to the north. 1*062 to the north.
And by making use of the But it is only an accurate survey which can afford data fully satisfactory, upon which to base the calculation of the deflection of the plumb-line at the extremities of the several portions of the arc. When the true amounts of deflection are calculated, and the amplitudes corrected for local attraction, the process followed in art. 3 will bring out the actual ellipticity of the English arc i when it will be seen whether it is or is not more curved than the ellipticity would indicate.
Deep River, Cape of Good Hope, September 23, 1854.
A rc 1.
A rc A~c 3.
A rc 4.
Arc 5.
A p p e n d i x .
Calculation o f the Values of E (see a rt. 4). .3 -9 9 3 3 6 9 9 J = 0 -0 0 9 8 4 8 5 0 .
. 3 sin A " E = -----------------COS
A 3 = 1°g _ 1 > 1 3 9 9 7 3 5 ' 5 -1 4 5 5 7 5 5 > 9 9 4 3 9 8 0 , = 0 -0 0 9 8 7 1 8 4 . Multiply these last differences by the lengths of the arcs. Since the above was written, I have had the opportunity of seeing a notice of the communication of the Astronomer Royal on the density of table-lands supposed to be supported by a dense fluid or semifluid mass, and the use he makes of his sugges tions to remove the discrepancy, pointed out in my first communication, between the values of the deflection of the plumb-line in India, as determined by calculating the attraction of the Himalayas, and as indicated by the results of the Great Trigono metrical Survey. The following difficulties occur to me in the way of this highly ingenious and philosophical method of removing the discrepancy:-1. It assumes that the hard crust of the earth is sensibly lighter than the fluid or semifluid mass, imagined to be a few miles below the surface. But I know of no law, except the unique law of water and ice, which would lead us to suppose that the fluid mass in consolidating would expand and become lighter. One would rather expect it to become denser, by loss of heat and mutual approximation of its particles.
2. There is, moreover, every reason to suppose that the crust of the earth has long been so thick, that the position of its parts relatively to a mean level cannot be any longer subject to the laws of floatation. If the elevations and depressions of the earth's surface have always remained exactly what they were at the time when the laws of floatation ceased to have an uncontrolled effect, then the same reasoning would no doubt apply in our case, as if they still had their full sway. But geology shows that other laws are in constant operation (arising most probably, as Mr. B a b b a g e has suggested, from the expansion and contraction of the solid materials of the crust), which change the relative levels of the various parts of the earth's surface, quite irrespectively of the laws of floatation. If Mr. H o p k in s 's estimate of the thick ness of the crust be correct, viz. at least 1000 miles, these laws of change in the sur face must have been in operation for such an enormous interval of time, as quite to obliterate any traces of the form of surface which the simple principles of hydro statics would occasion. Indeed, it seems to me highly probable, that the elevation of the Himalayas and the vast regions beyond may have taken place altogether from a slow upheaving force arising from this cause.
I am inclined to think that the only explanation of the discrepancy between my calculation and the results of the Indian Survey is to be found in the greater curva ture of the Indian arc.
L o n d o n , June 2, 1855.
Note added after the reading of the Paper. A further difficulty arises from the peculiar law which the thickness of the crust must follow, if the present form of the surface arises altogether from hydrostatic principles. For if an excess of matter at the surface, in table-lands and mountains, implies a deficiency of matter below and therefore a protrusion of the light crust h 2 down into the heavy fluid supporting i t ; so must a deficiency of matter near the surface, in deep and wide oceans, imply an excess of matter below the ocean-bed, and therefore a protrusion of the heavy fluid up into the light crust. If this were not the case, the fluid below would by its greater upward pressure burst up the crust beneath the ocean, and this would lead to a catastrophe.
Hence the thickness of the crust must follow this singular law,-that, wherever its upper part is increased by rising into mountains and table-lands, its lower part is also increased by projecting downwards into the internal fluid ; and wherever, on the other hand, the upper part is diminished by sinking into ocean-beds, there also the lower part is diminished by the heavy fluid protruding into it.
This law appears to be contrary to what we should expect from the process of cooling.
